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Abstract. We describe in detail the two-parameter nonstandard quantum deformation of theD = 4 Lorentz
algebra o(3, 1), linked with a Jordanian deformation of sl(2;C). Using the twist quantization technique we
obtain the explicit formulae for the deformed co-products and antipodes. Further extending the considered
deformation to theD = 4 Poincaré algebra we obtain a new Hopf-algebraic deformation of four-dimensional
relativistic symmetries with a dimensionless deformation parameter. Finally, we interpret o(3, 1) as the
D = 3 de Sitter algebra and calculate the contraction limit R→∞ (R is the de Sitter radius) providing
an explicit Hopf algebra structure for the quantum deformation of the D = 3 Poincaré algebra (with mass-
like deformation parameters), which is the two-parameter light-cone κ-deformation of the D = 3 Poincaré
symmetry.

1 Introduction

In the last decade there have been considered quantum
field theories on noncommutative space-time, after it had
been shown that the noncommutativity might follow from
quantum gravity corrections (see e.g. [1, 2]) or an open
string theory with anti-symmetric tensor field background
(see e.g. [3]). For simple examples of noncommutativ-
ity, in particular Heisenberg-like space-time commuta-
tors (θµν = const), it has been shown [4–9] that the the-
ory with noncommutative space-time is covariant under
twisted Poincaré symmetry. In such an approach the vio-
lation of classical Poincaré invariance, e.g., by a constant
tensor θµν , can be equivalently described by twisting of
the classical symmetry [8]. Because twist quantizations
of the Lorentz and Poincaré algebras are classified by
classical r-matrices satisfying homogeneous Yang–Baxter
(YB) equations, it is interesting to approach the problem
of possible violations of Lorentz and Poincaré symme-
tries by considering new, in particular non-Abelian, twist
quantizations1.
All quantum deformations of relativistic symmetries

are described by Hopf-algebraic deformations of Lorentz
and Poincaré algebras. Such quantum deformations deter-
mine infinitesimally Lorentz and Poincaré Poisson struc-
tures. These Poisson structures are described by classical
r-matrices satisfying homogeneous as well as inhomoge-
neous (modified) YB equations, and they have been clas-

a e-mail: lukier@ift.uni.wroc.pl
1 By non-Abelian twist we mean a twist two-tensor with
a support in a non-Abelian algebra.

sified already some time ago by Zakrzewski (see [10] for
the Lorentz classical r-matrices and [11] for the Poincaré
classical matrices). In [10] there are provided four classical
o(3, 1) r-matrices and in [11] one finds 21 cases describing
different deformations of the Poincaré symmetry, with var-
ious numbers of free parameters.
In this paper we would like to describe the explicit Hopf

algebra for an important nonstandard deformation of the
D = 4 Lorentz algebra generated by a two-parameter Jor-
danian classical r-matrix.
Part of the results presented in this paper have been

given in our short report [12], where the complex algebra
basis was used. In contrast to [12], here all obtained re-
sults are represented in a real (more physical) basis of the
Lorentz algebra. In this case a twist two-tensor depends
on new generators σ and ϕ which are operator analogs of
polar coordinates for a complex plane. Moreover, we inter-
pret theD = 4 Lorentz algebra as aD= 3 de Sitter algebra
and, following the quantum contraction method applied
firstly to the q-deformed D = 4 anti-de Sitter (AdS) alge-
bra [13], we calculate the contraction limit R→∞ (R is
the de Sitter radius) providing a deformation of the D = 3
Poincaré algebra. Subsequently, we present in explicit form
the Hopf structure describing the two-parameter exten-
sion of the light-cone κ-deformation for theD = 3 Poincaré
symmetry.
The plan of this paper is as follows. In Sect. 2 we de-

scribe different bases of the real Lorentz algebra, o(3, 1),
and we recall the classification of all possible quantum de-
formations of the D = 4 Lorentz algebra [11]. In Sect. 3
we calculate the twist function corresponding to the non-
Abelian Jordanian classical r-matrix (17) and describe ex-
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plicitly the deformed co-products and antipodes in a clas-
sical o(3, 1) basis. In Sect. 4 we obtain a deformed D = 4
Poincaré–Hopf algebra by adding four-momentum gener-
ators and calculating their twisted co-products. In Sect. 5
we rewrite our quantum deformation in terms of the D = 3
de Sitter algebra and we perform the contraction, provid-
ing a two-parameter light-cone κ-deformation of the D = 3
Poincaré symmetry. In Sect. 6 we provide possible exten-
sions of the present work.

2 D = 4 Lorentz algebra
and its classical r-matrices

The classical canonical basis of the D = 4 Lorentz algebra,
o(3, 1), can be described by six anti-hermitian generators
(h, e±, h

′, e′±) satisfying the following nonvanishing com-
mutation relations:

[h, e±] =±e± , [e+, e−] = 2h , (1)

[h, e′±] =±e
′
± , [h′, e±] =±e

′
± , [e±, e

′
∓] =±2h

′ ,
(2)

[h′, e′±] =∓e± , [e
′
+, e

′
−] =−2h , (3)

and moreover

x∗ =−x (∀x ∈ o(3, 1)) . (4)

The formulas (1)–(3) can be rewritten as the following
three o(3) covariant relations describing a Lorentz algebra
in a “physical” basis (i, j, k = 1, 2, 3)2:

[Mi,Mj ] = iεijkMk , [Mi, Nj ] = iεijkNk ,

[Ni, Nj ] =−iεijkMk , (5)

where the three-dimensional rotation generators Mi and
boosts Ni are related with the canonical basis (1)–(3) as
follows:

h= iN3 , e± = i(N1±M2) ,

h′ =−iM3 , e
′
± = i(±N2−M1) , (6)

and they are hermitian:

M∗i =Mi , N
∗
i =Ni (i= 1, 2, 3) . (7)

It should be stressed that the realization (6) of the
canonical basis in terms of the physical generators is not
unique. Indeed, it is easy to see that the formulas (5) are
invariant with respect to the cyclic permutation of the in-
dexes 1→ 2→ 3→ 1 for the generatorsMi and Ni. There-
fore, if we apply such cyclic replacements to the generators
of the right side of (6), we obtain another physical assign-
ments of the canonical basis. In order to obtain a suitable

2 In what follows the symbol “i” means the imaginary unit,
i2 =−1.

contraction limit (see Sect. 4) we perform the cyclic re-
placements two times and we get another physical assign-
ment of the basis (1)–(3):

h= iN2 , e± = i(N3±M1) ,

h′ =−iM2 , e
′
± = i(±N1−M3) . (8)

The complete classification of the D = 4 Lorentz quan-
tum algebras in [10] is provided by the following list of
the corresponding classical r-matrices (see also [14]). 1.
Standard r-matrices related with realification of Drinfeld–
Jimbo deformation of sl(2,C) [15–17]

r1(α, β, γ) = α
(
e′+∧e−+ e+∧e

′
−

)
+β
(
e+∧e−− e

′
+∧e

′
−

)

+γh∧h′ , (9)

r2(α) = α

(
e′+∧e−+ e+∧e

′
−+
1

2
h∧h′

)
± e+∧e

′
+ .

(10)

2. Nonstandard r-matrices, related with realification of
Jordanian deformation of sl(2,C) [18–20]

r3(α, β) = α(h∧e+−h
′∧e′+)+βe+∧e

′
+ , (11)

r4(α) = αh∧e+ . (12)

Further we shall assume that the r-matrices are anti-
hermitian, i.e. r∗i = −ri; therefore, all the parameters in
(9)–(12) are purely imaginary.
The standard quantum deformations (9) and (10) do

satisfy the modified YB equation and cannot be extended
to the Poincaré algebra [21, 22]. The nonstandard quantum
deformations (11) and (12) can be extended to the whole
Poincaré algebra and provide a new deformation of the rel-
ativistic symmetries. Because the quantization of (12) by
means of the Ogievetsky twist [19] is straightforward and
describes the well-known Jordanian deformation, we shall
consider here more in detail only the two-parameter defor-
mation generated by the r-matrix (11).
Further we shall employ as well the complex basis of

the Lorentz algebra (o(3, 1)� o(3;C)⊕o(3,C)) described
by two commuting sets of complex generators:

H1 =
1

2
(h+ ih′) , E1± =

1

2

(
e±+ ie

′
±

)
, (13)

H2 =
1

2
(h− ih′) , E2± =

1

2

(
e±− ie

′
±

)
, (14)

which satisfy the relations (compare with (1))

[Hi, Ei±] =±Ei± , [Ei+, Ei−] = 2Hi (i= 1, 2) , (15)

where the sets (H1, E1±) and (H2, E2±) do commute mu-
tually. The ∗-operation describing the real structure acts
on the generatorsHi, and Ei± (i= 1, 2) as follows:

H∗1 =−H2 , E
∗
1± =−E2± ,

H∗2 =−H1 , E
∗
2± =−E1± . (16)
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The classical r-matrix r3(α, β) (see (11)) in the complex
basis of (13) and (14) takes the form

r3(α, β) = r
′
3(α)+ r

′′
3 (β) , (17)

r′3(α) := 2α(H1∧E1++H2∧E2+) ,

r′′3 (β) := 2iβE1+∧E2+ . (18)

3 Two-parameter nonstandard
deformation of o(3, 1)

The first classical r-matrix, r′3(α) in (17), is a sum of two
Jordanian classical r-matrices, αH1 ∧E1 and αH2 ∧E2,
which mutually commute. From this property follows that
the first twisting two-tensor F ′ corresponding to the Jor-
danian type r-matrix r′3(α) is a product of two Jordanian
twists with the same deformation parameter α:

F ′ := F1JF2J = F2JF1J = exp (H1⊗σ1+H2⊗σ2) , (19)

where

σi = ln (1+2αEi+) , i= 1, 2 . (20)

It should be noted that the Jordanian two-tensor (19) is
∗-unitary, i.e.

F ′∗ = F ′−1 . (21)

Since after twisting by the two-tensor (19) the genera-
tors (20) have the primitive co-products

∆(F
′)(σi) = σi⊗1+1⊗σi , i= 1, 2 ; (22)

therefore, the two-tensor3,4

F ′′ = exp

(
i
β

2α2
σ1 ∧σ2

)
(23)

satisfies the cocycle condition [23]

F ′′12(∆(F
′)⊗ id)(F ′′) = F ′′23(id⊗∆(F

′))(F ′′) , (24)

and the “unital” normalization condition

(ε⊗ id)(F ′′) = (id⊗ ε)(F ′′) = 1 . (25)

Thus the complete twisting two-tensor F (α, β) corres-
ponding to the Jordanian type r-matrix (17) is given as
follows:

F := F (α, β) = F ′′F ′

= exp

(
i
β

2α2
σ1∧σ2

)
exp (H1⊗σ1+H2⊗σ2) .

(26)

3 In the limit α → 0 the two-tensor F ′′ goes to
exp (2iβE1+ ∧E2+) which is the twist in the direction of
r′′3 (α= 0, β) (see (11)).
4 It should be mentioned that modulo the explicit parame-
ters dependence the algebraic form of the twist (23) was early
pointed out by Kulish and Mudrov (see [24], item 3 on the list
on p. 6).

Let us express this function in terms of the generators
(h, e±, h

′, e′±). Firstly we notice that the generators σi
given by (20) do not change after the second twist F ′′, i.e.
they have the primitive co-products

∆(F )(σi) = F
′′∆(F

′)(σi)F
′′−1 = σi⊗1+1⊗σi , i= 1, 2 .

(27)

Therefore, if instead of σ1 and σ2 we introduce the new gen-
erators σ and ϕ by the formulas

σ1 = σ+ iϕ , σ2 = σ− iϕ , (28)

where

σ =
1

2
ln
[
(1+αe+)

2+(αe′+)
2
]
, ϕ= arctan

αe′+
1+αe+

,

(29)

then the new generators also have the primitive co-
products

∆(F )(σ) = σ⊗1+1⊗σ , ∆(F )(ϕ) = ϕ⊗1+1⊗ϕ ,
(30)

and moreover they are ∗-hermitian:

σ∗ = σ , ϕ∗ = ϕ . (31)

The formulas inverse to (29) have the form

αe+ = e
σ cosϕ−1 , αe′+ = e

σ sinϕ . (32)

Substituting (28), (13) and (14) in (26) we obtain the fol-
lowing formula for the twist two-tensor in terms of the
canonical o(3, 1) basis (1)–(3):

F (α, β) = exp

(
β

α2
σ∧ϕ

)
exp (h⊗σ−h′⊗ϕ) . (33)

This two-tensor is ∗-unitary, i.e.

F ∗(α, β) = F−1(α, β) . (34)

Deformed co-products for the canonical o(3, 1) basis
can be obtained in two ways. The first way is to apply
the twisting two-tensor in the form (26) to the trivial co-
products of the complex generators Hi, Ei, Fi (i = 1, 2)
and then using the formulas (13) and (14) to derive the co-
products and antipodes for the canonical basis. The other
way is to apply the twisting two-tensor in the form (33)
directly to the trivial co-products of the canonical genera-
tors (1) and (2), (∆α,β(·) := F∆(·)F−1). For convenience
we shall use the notation cϕ := cosϕ and sϕ := sinϕ. We



636 A. Borowiec et al.: Jordanian twist quantization of D = 4 Lorentz and Poincaré algebras and D = 3 contraction limit

obtain the following formulae:

∆α,β(h) = h⊗ e
−σcϕ+1⊗h+h

′⊗ e−σsϕ

+
β

α2
(
e−σsϕ⊗ e

−σ(σcϕ−ϕsϕ)

+ (e−σcϕ−1)⊗ e
−σ(ϕcϕ+σsϕ)−σ⊗ e

−σsϕ

−ϕ⊗ (e−σcϕ−1)
)
, (35)

∆α,β(h
′) = h′⊗ e−σcϕ+1⊗h

′−h⊗ e−σsϕ

+
β

α2
(
−e−σsϕ⊗ e

−σ(σsϕ+ϕcϕ)

+ (e−σcϕ−1)⊗ e
−σ(σcϕ−ϕsϕ)+ϕ⊗ e

−σsϕ

−σ⊗ (e−σcϕ−1)
)
. (36)

The remaining co-products ∆α,β(e−) and ∆α,β(e
′
−) are

given by lengthy formulae, and therefore we present the
β-dependent terms using the complex basis:

∆α,β(e−) = e−⊗ e
−σcϕ+1⊗ e−+ e

′
−⊗ e

−σsϕ

+α
(
h⊗
(
{h′, e−σcϕ}+{h

′, e−σsϕ}
)

−h′⊗
(
{h′, e−σcϕ}−{h, e

−σsϕ}
)

+(h2−h′
2
)⊗ (e−2σc2ϕ− e

−σcϕ)

+2hh′⊗ (e−2σs2ϕ− e
−σsϕ)

)

+
iβ

4α

(
E1+E

∗
1

)
−
β2

4α3
(
E2+E

∗
2

)
, (37)

∆α,β(e
′
−) = e

′
−⊗ e

−σcϕ+1⊗ e
′
−+ e−⊗ e

−σsϕ

+α
(
h′⊗
(
{h, e−σcϕ}+{h

′, e−σsϕ}
)

+h⊗
(
{h′, e−σcϕ}−{h, e

−σsϕ}
)

− (h2−h′
2
)⊗ (e−2σs2ϕ− e

−σsϕ)

+2hh′⊗ (e−2σc2ϕ− e
−σcϕ)

)

+
β

4α

(
E1−E

∗
1

)
+
iβ2

4α3
(
E2−E

∗
2

)
, (38)

where

E1 = {H̃1, e
−σ1}⊗σ2e

−σ1 −σ2⊗{H̃1, e
−σ1}

+Λ1⊗{H̃1, e
−σ1}σ2−{H̃1, Λ1}⊗σ2Λ1e

−σ1

−{H̃1, σ2}⊗Λ1e
−σ1 , (39)

E2 = σ
2
2⊗Λ1e

−σ1+Λ1e
−σ1 ⊗σ22e

−σ1+Λ21⊗σ
2
2Λ1e

−σ1

−2Λ1σ2⊗σ2Λ1e
−σ1 , (40)

and

H̃1 = h+ ih
′ , Λ1 = e

−σ1−1 ,

σ1 = σ+ iϕ , σ2 = σ− iϕ . (41)

Here by the brackets {·, ·} we mean the anti-commutator
{a, b}= ab+ ba.

Explicit formulae for the antipodes are given by

Sα,β(σ) =−σ , Sα,β(ϕ) =−ϕ , (42)

Sα,β(h) =−he
σcϕ+h

′eσsϕ ,

Sα,β(h
′) =−h′eσcϕ−he

σsϕ , (43)

Sα,β(e−) =−e−e
σcϕ+ e

′
−e
σsϕ

+α(h2−h′
2
)
(
e2σc2ϕ+e

σcϕ
)

−2αhh′
(
e2σs2ϕ+e

σsϕ
)
, (44)

Sα,β(e
′
−) =−e

′
−e
σcϕ− e−e

σsϕ

+α(h2−h′
2
)
(
e2σs2ϕ+e

σsϕ
)

+2αhh′
(
e2σc2ϕ+e

σcϕ
)
. (45)

Using the relations (6) the formulae (35)–(45) can be
rewritten in terms of the physical generators Mj and Nj
(j = 1, 2, 3).

4 Extension of the deformation
to Poincaré algebra

The D = 4 Lorentz algebra (6) can be extended to the
D= 4Poincaré algebra by adding the mutually commuting
four-momentum operators (P0, P1, P2, P3) satisfying the
relations (j, k, l = 1, 2, 3)

[Mi, Pj ] = iεijkPk , [Mi, P0] = 0 ,

[Ni, Pj ] =−iδijP0 , [Ni, P0] =−iPi . (46)

The formulas (46) say that a linear span of the four-
momentum generators Pµ, (µ= 0, 1, 2, 3) is a four-dimen-
sional o(3, 1)-module with respect to the adjoint action of
the Lorentz algebra on the four-momentum space. In order
to describe in this space the actions of the canonical ba-
sis (h, e±, h

′, e′±) it is useful to use as a technical tool (see
also [11]) the matrix realization of the four-momenta. The
matrix realization is constructed as follows.
First we introduce the following basis in the four-

momentum space:

P11 =
1

2
(P0+P3) , P12 =

1

2
(P1− iP2) ,

P21 =
1

2
(P1+ iP2) , P22 =

1

2
(P0−P3) . (47)

Let P̂ij , (i, j = 1, 2) be the 2×2 matrices (P̂ij)kl = δikδjl.
The matrix realization of the four-momenta is given by
Pij → P̂ij . The arbitrary four-vector P :=

∑

i,j=1,2

ξijPij

(ξij ∈ R) is represented by the general 2×2 matrix

P→ P̂ :=
∑

i,j=1,2

ξij P̂ij =

(
ξ11 ξ12
ξ21 ξ22

)
, (48)

which will be used below to describe the transformation
properties of the generators (47) in a compact way. The



A. Borowiec et al.: Jordanian twist quantization of D = 4 Lorentz and Poincaré algebras and D = 3 contraction limit 637

corresponding 2×2 matrix realization of the Lorentz alge-
bra (1)–(3) will be used:

h→H =
1

2

(
1 0
0 −1

)
,

e+→ E+ =

(
0 1
0 0

)
, e−→ E− =

(
0 0
1 0

)
, (49)

h′→H ′ = iH , e′+→E
′
+ = iE+ , e

′
−→ E

′
− = iE− .

(50)

The action of any element x∈ (h, e±, h′, e′±) on the matrix-
vector P̂ is given by [11]

[x,P]→ x
 P̂ :=XP̂+ P̂X+ , (51)

where X+ is the hermitian conjugate of X. Using the for-
mula (51) we find, for example,

h
 P̂=

(
ξ11 0
0 −ξ22

)
, h′ 
 P̂= i

(
0 ξ21
−ξ12 0

)
,

(52)

e+ 
 P̂=

(
ξ21+ ξ12 ξ22
ξ22 0

)
, e′+ 
 P̂= i

(
ξ21− ξ12 ξ22
−ξ22 0

)
.

(53)

The classical r-matrix (11) for the D = 4 Lorentz al-
gebra satisfies the classical YB equation and provides also
the deformation of the D = 4 Poincaré algebra. The modi-
fication of the classical Hopf algebra structure is described
by the twist function (33). Let us calculate the twisted
co-products of the four-momenta in our 2×2 matrix real-
ization (48) using the restricted twist two-tensor F ′(α) :=
F (α, β = 0). We have

∆α(P̂) = F
′(α)P̂⊗1F ′−1(α)+F ′(α)1⊗ P̂F ′−1(α) .

(54)

By employing the formulas (51)–(53) we find

∆α(P̂) =

(
ξ11⊗ eσ ξ12⊗ eiϕ

ξ21⊗ e−iϕ ξ22⊗ e−σ

)
+1⊗

(
ξ11 ξ12
ξ21 ξ22

)

+αh⊗

{
e−σ+iϕ

(
ξ21 ξ22
0 0

)
+e−σ−iϕ

(
ξ12 0
ξ22 0

)}

− iαh′⊗

{
e−σ+iϕ

(
ξ21 ξ22
0 0

)
− e−σ−iϕ

(
ξ12 0
ξ22 0

)}

+α2(h2+h′
2
)⊗ e−2σ

(
ξ22 0
0 0

)
. (55)

Because ∂P̂/∂ξij = P̂ij , by differentiating (55) we ob-
tain the formulas for the twisted co-products of the four-
momentum components P̂ij . These formulas after replac-
ing the realizations P̂ij by the initial generators Pij take

the following compact form:

(
∆α(P11) ∆α(P12)
∆α(P21) ∆α(P22)

)

=

(
P11⊗ eσ P12⊗ e−iϕ

P21⊗ eiϕ P22⊗ e−σ

)
+1⊗

(
P11 P12
P21 P22

)

+αh⊗

(
0 e−σ−iϕP11

e−σ+iϕP11 e
−σ+iϕP12+e

−σ−iϕP21

)

− iαh′⊗

(
0 −e−σ−iϕP11

e−σ+iϕP11 e
−σ+iϕP12− e−σ−iϕP21

)

+α2(h2+h′
2
)⊗

(
0 0
0 e−2σP11

)
. (56)

In an analogous way we can calculate the complete twisted
co-products of the four-momenta using the general twist
two-tensor F (α, β), but these formulae are lengthy.

5 Two-parameter light-cone deformation
of the D = 3 Poincaré algebra

The D = 4 Lorentz algebra o(3, 1) (see (5)) can be rein-
terpreted as describing the D = 3 de Sitter algebra where
the generatorsN1, N2 describe two D = 3 boosts,M3 gen-
erates o(2) rotations, and three curved translations are
generated by M1, M2 and N3. Therefore the formulae
(35)–(45) can be used for the description of the quantum
Hopf-algebraic deformations of theD= 3 de Sitter algebra.
Below we shall use the formulae (8) relating the physical
Lorentz generators with the mathematical basis (1)–(3). In
this realization the classical r-matrix (11) has the form

r3(α, β) =−α (N2∧ (N3+M1)+M2∧ (N1−M3))

−β(N3+M1)∧ (N1−M3) . (57)

Introducing the standard dS rescaling M1 = RP2, M2 =
−RP1, N3 =RP0, we obtain for the r-matrix (57) the fol-
lowing form:

r3(α, β) =−αR (N2∧ (P0+P2)+P1∧ (M3−N1))

−βR(P0+P2)∧ (M3−N1) . (58)

Now we put α=−i/κR, β =−i/κ′R (where κ and κ′ are
real mass-like parameters) and perform the limit R→∞.
In such a way we obtain the classical r-matrix for theD= 3
Poincaré algebra ( lim

R→∞
Pµ = Pµ, µ= 0, 1, 2):

rκ,κ′ := lim
R→∞

r3

(
−i

κR
,
−i

κ′R

)

=
i

κ
(N2∧ (P0+P2)+P1∧ (M3−N1))

+
i

κ′
(P0+P2)∧ (M3−N1) , (59)

where the parameters κ and κ′ are new dimensionful de-
formation parameters. The D = 3 Poincaré algebra is de-
scribed by the generatorsM3,N1,N2 of theD = 3 Lorentz
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algebra o(2, 1), and the generators P0, P1, P2 span the
three-momentum sector.
The classical r-matrix (59) describes a two-parameter

light-cone κ-deformation of the D = 3 Poincaré algebra5.
Using the commutation relations for the generators M3,
N1,N2, P± := P0±P2, it is easy to check that the r-matrix
rκ,κ′ , when κ

′ goes to ∞, is of Jordanian type6. There-
fore using known general formulae [26, 27] we can imme-
diately write down the twisting two-tensor corresponding
to the r-matrix rκ,κ′ . However we can obtain also a twist-
ing two-tensor corresponding to the classical r-matrix (59)
by applying the dS contraction limit to the full twisting
two-tensor (33). First of all it is easy to obtain in the limit
R→∞ the following formulas:

σ+ := lim
R→∞

σ

= lim
R→∞

1

2
ln

[(
1+
1

κ
P+

)2
+
1

κ2R2
(N1+M3)

2

]

= ln

(
1+
1

κ
P+

)
, (60)

lim
R→∞

(Rϕ) = lim
R→∞

R arctan
(N1−M3)/κR

(1+P+/κ)

=
1

κ
(N1−M3)e

−σ+ . (61)

Using the formulas (60) and (61) we get the twist two-
tensor Fκ,κ′ corresponding to the classical r-matrix (59):

Fκ,κ′ = lim
R→∞

F

(
−i

κR
,
−i

κ′R

)

:= exp

(
iκ

κ′
σ+⊗ (N1−M3)e

−σ+

)

× exp

(
i

κ
P1⊗ (N1−M3)e

−σ+

)
exp (iN2⊗σ+) .

(62)

By applying the rescaling of the formulas (35)–(40) (intro-
ducing the dS radius R and performing the limit R→∞)
we obtain the list of deformed co-products for all gener-
ators of the D = 3 Poincaré algebra. For convenience in
what follows we set Λ+ := e

−σ+ −1, L+ := N1−M+ and
L− :=N1+M+. The co-products are given by

∆κ,κ′(σ+) = σ+⊗1+1⊗σ+ , (63)

∆κ,κ′(P1) = P1⊗ e
−σ+ +1⊗P1

+
κ2

κ′
(
Λ+⊗σ+e

−σ+ −σ+⊗Λ+
)
, (64)

∆κ,κ′(P−) = P−⊗ e
−σ+ +1⊗P−

−
1

κ

(
2P1⊗P1e

−σ++P 21 ⊗Λ+e
−σ+
)

−
2κ

κ′
(
P1e

−σ+ ⊗σ+e
−σ+−σ+⊗P1e

−σ+

−P1Λ+⊗σ+Λ+e
−σ+ −P1σ+⊗Λ+e

−σ+

5 For analogous considerations for the D = 4 case see [25].
6 Compare with [26], formulae (2.12), after the assignment
hθ = iN2, eθ = P+, eγ1 = P1, eγ−1 = (M3−N1) (see also [25]).

+Λ+⊗P1e
−σ+
)

−
κ3

κ′2
(
Λ+e

−σ+ ⊗σ2+e
−σ+ +σ2+⊗Λ+e

−σ+

+Λ2+⊗σ
2
+Λ+e

−σ+ −2Λ+σ+⊗σ+Λ+e
−σ+
)
,

(65)

∆κ,κ′(L+) = L+⊗ e
σ+ +eσ+ ⊗L+ , (66)

∆κ,κ′(N2) =N2⊗ e
−σ+ +1⊗N2

+
1

κ
P1⊗L+e

−2σ+

−
κ

κ′
(
L+e

−σ+ ⊗Λ+−L+e
−2σ+ ⊗σ+e

−σ+

−Λ+⊗L+(σ++1)e
−2σ+ +σ+⊗L+e

−2σ+
)
.

(67)

The last co-product appears to be very lengthy and we
present it only in the limit κ′→∞:

∆κ(L−) = L−⊗ e
−σ++1⊗L−

+
1

κ

(
P−⊗L+e

−σ+ −P1⊗{N2, e
−σ+}

−2N2⊗P1e
−σ+ −2N2P1⊗Λ+e

−σ+
)

−
1

κ2
(
P1⊗{P1, L+}e

−2σ+

+P 21 ⊗L+(2Λ++1)e
−2σ+

)
. (68)

Using the formulas (41)–(45) one can calculate the an-
tipodes

Sκ,κ′(σ+) =−σ+ , Sκ,κ′(P1) =−P1e
σ+ , (69)

Sκ,κ′(P−) =−P−e
σ+ −

1

κ
P 21 (e

2σ+ +eσ+) , (70)

Sκ,κ′(L+) =−L+e
−2σ+ , Sκ,κ′(N2) =−N2e

σ+ +
1

κ
P1L+ ,

(71)

Sκ,κ′(L−) =−L−e
σ+ −

1

κ

(
P−L++2N2P1(e

2σ+ +eσ+)
)

+
1

κ2
P 21L+(2e

σ++1) . (72)

6 Outlook

In this paper we have described firstly in detail the Hopf
algebra structure of the two-parameter twisted D = 4
Lorentz algebras, which induce as well the twist quanti-
zation of the Poincaré algebra. It should be stressed that
contrary to the cases of twisted Lorentz and Poincaré sym-
metries with Abelian twists which were considered recently
in the literature [5–9] our deformation is generated by the
non-Abelian twist. We also performed the dS contraction
limit of the twistedD= 4 Lorentz algebra and obtained the
deformation of theD= 3Poincaré algebra with the explicit
Hopf algebra structure.
A question which should be further addressed is the one

to the Hopf structure of the dual quantum Poincaré group
and the description of the corresponding noncommutative
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Minkowski space. The quantum Poincaré groups generated
by the classical Lorentz r-matrix (11) can be found on
the list of deformed Poincaré groups given by Podleś and
Woronowicz [22]. Another method providing a quantum
algebra of noncommutative Poincaré group parameters is
to calculate in the adjoint 4×4 matrix representation the
quantum R-matrix and apply the RTT method [28]. In our
case the universal R-matrix takes the form

R= F 21(α, β)F−1(α, β)

= exp

(
β

α2
ϕ∧σ

)
exp (σ⊗h−ϕ⊗h′)

× exp (h′⊗ϕ−h⊗σ) exp

(
β

α2
ϕ∧σ

)
. (73)

Using the adjoint matrix representation of the Lorentz
generators (Mij)µν = δµiδνj − δµjδνi, (M0j)µν = δµ0δνj−
δµjδν0 (µ, ν = 0, 1, 2, 3; i, j = 1, 2, 3) we can obtain from (73)
a 16× 16-dimensional quantum adjoint R-matrix for the
Lorentz group. The R-matrix (73) can be treated also as
the universalR-matrix for theD= 4 Poincaré algebra, and
one can obtain easily the 25×25-dimensional quantum R-
matrix for the D = 4 Poincaré algebra7.
It is well known that one can obtain the D = 4 κ-de-

formed Poincaré algebra in its standard form (with time
variable quantized) if we perform the quantum AdS con-
traction of the q-deformed AdS algebraUq(so(3, 2)) [13]. In
Sect. 5 we have shown that if we treat the D = 4 Lorentz
algebra as the de Sitter algebra one obtains by a suit-
able quantum dS contraction the generalized light-cone κ-
deformation of the D = 3 Poincaré algebra, with two inde-
pendent mass-like parameters κ and κ′. Therefore one can
conclude that a quantum extension of the Inonu–Wigner
contraction procedure to the twisted de Sitter (or anti-de
Sitter) Hopf algebras can be used as the derivation method
of twisted Poincaré symmetries.
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